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1. Introduction

This is a private set of sketchy notes containing material related to 2-bundles with 2-
connections [1} 2].
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2. 2-Gauge Transformations and global 2-Holonomy

2.1 1-Gauge Transformations and global 1-Holonomy

Global line holonomy in a fiber bundle is computed this way:

hol

Wi(m) gij () Wj(712)

e — 0

A gauge transformation in the locally trivialized bundle amounts to

D -1
gzg hz gij hj

[ ) [ ) = O — 00— >0 — 0
Wi hy Wi i

e — > 0 — o — ———= @ ——> 0

Plugging this into the definition of the global line holonomy one finds its invariance
under gauge transformations, as it should be:
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hol

Wi(71) gij(x) W;(72)
o — >0

hi @)y, hil®) y, @)

(3

These simple facts have a natural generalization when going from ordinary bundles to
2-bundles. This is discussed in the following subsections.

2.2 2-Gauge Transformations

The derivation of the nature of 2-gauge transformations will be postponed until §2.6/ (p.14).
For now we just state the result and then use it to define global 2-holonomy.

Throughout we will consider two fixed but arbitrary gauges (i.e. two choices of lo-
cal 2-trivialization), denoted G and G. Objects in the gauge G will be denoted by the
corresponding symbol in the gauge G but decorated with a .

(Currently the entire discussion applies to 2-bundles with trivial base 2-spaces only.
The generalization of all of the following to nontrivial base 2-spaces should be straightfor-
ward but is not yet considered here.)

The transition 2-map g has the gauge transformation

higizhy*

/ﬂ\

° Dij L4
Gij

This implies for the f;;

9ij95k

ik

the transformation
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/ h; p’szﬁ h,;x\

ik

On the other hand, the 2-holonomies transform under 2-conjugations, by which we
mean operations on 2-group elements of the form

Indeed, the known [2] transition law for the 2-holonomy

Wi(7y2)

is of this form. One finds that the gauge transformation of the 2-holonomy is given by

In fact there
this was derived
only for closed
loops. The
generalization
follows immedi-
ately but still
needs to be
discussed.
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Wi(72)
These 2-conjugations respect 2-dimensional composition in that

91 91
g3 93

9393

We display this rather simple fact in such a detail because it gives a good illustration
of the way how in a composite diagram of gauge transformed quantities 2-conjugation
operations mutually cancel and leave the diagrams in the original gauge behind. The
proof of the gauge invariance of global 2-holonomy in §2.4' (p/10) proceeds in precisely this
fashion.

Like the gauge transformation of the transition map ¢ induces a gauge transformation
for f, the above gauge transformation for the 2-holonomy W induces a gauge transformation
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for the a;;

,

L

gii )l 1 aij (zp) Tgm (v)
) W (o) ’

(2.1)

This is obtained by considering a transition first in one gauge and then in the other:

From this one reads off the gauge transformation law
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Wi
[ ]
WZ N OéiU W V
° ° ° L 1
~ N ~_ | P (pij - 1n;)
gz‘ji aijl) T%l = G U gzjl aijl) ngf U
° — ° ° W °
Wi % arll ! hit
j j
[ ] =
W;

2.3 Global 2-Holonomy

Given any closed surface in base space whose 2-holonomy is to be computed we can tri-
angularize it such a way that each face comes to lie in an element of the cover, each edge
in a double overlap and each vertex in a triple overlap. We can always assume the graph
of the triangularization to be trivalent. (If it is not we replace the problematic vertices by

small circles of edges.)

The task is to assign 2-group elements to faces, edges and vertices of the triangulariza-
tion such that the result of gluing them all together is independent of the choice of gauge
(trivialization) as well as of the choice of cover and the choice of triangularization. For now
we restrict attention on independence of the gauge choice.

It is clear that local 2-holonomies W;(X) must be assigned to faces X. The only
candidate 2-group elements to be assigned to edges 7 are a;;(7y) and the only candidate
2-group elements to be assigned to vertices = are f;ji(x).

There is only one way to glue all these pieces consistently:
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hol

The result of multiplying all these 2-group elements together is the (global) 2-holonomy
of our surface.

A glance at the definition of the global surface holonomy for an abelian gerbe with
connection and curving shows that this is reproduced by the above diagram.


http://www-stud.uni-essen.de/~sb0264/2conn2.pdf�

draft last modifified 2/3/2005 — 18:38, current version at http://www-stud.uni-essen.de/ sb0264/2conn2.pdf

2.4 Gauge Invariance of Global 2-Holonomy

Fix the gauge G and let the surface holonomy in the vicinity of some vertex z be given by

il
fijk(
e — >

gir(x)

In this diagram the full local surface holonomies W;(21), Wi (22), W;(23) are depicted
only in terms of two surface sub-elements X, Ei-’ C 3; etc., respectively, adjacent to the
edges meeting at the given vertex.

Now we insert into this diagram the equalities discussed in §2.2 (p/4), which express
the diagarams in the gauge G in terms of those in the gauge G:

~10 -
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S

/.

N
%

\

The result is that several 2-group elements are now adjacent which mutually cancel
to unity. First of all we can cancel a;; against aj; and analogously for jk and ij. The
respective identity 2-morphisms have been shaded in the diagram.

After removing them we are left with the following diagram

- 11 -
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We have also reversed the direction of some edges by whiskering, so that we can now
cancel p;; against pfj. When the shaded identity 2-morphisms are removed one obtains the
following diagram

- 12 —
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= =
Wi | air | W
> o< o =
/ N \
@ 0.
A3
: // >

In the center of this diagram the surface holonomy in the gauge G has appeared. It
is surrounded by 2-conjugations which cancel against the contributions from the other
vertices.

This proves that the gobal 2-holonomy of a closed surface receives under gauge trans-
formations at most a 2-conjugation with respect to the chosen source and target edge.

2.5 Trace of the global 2-Holonomy
But for strict structure 2-group this 2-holonomy is labeled by h € ker(t) C H and hence
automatically invariant under conjugation in H (see prop [3.1).

Full gauge invariance is hence obtained by tracing the result suitably so that the action

of G on H drops out. Since it is only G/im(¢) which acts nontrivially on ker(¢) (by the
same prop 3.1) it is sufficient to find a notion of trace that gets rid of this action.
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2.6 Derivation of 2-Gauge Transformations from local Trivializations

The above transformation laws follow from a local 2-trivialization of a 2-bundle:
The 2-trivializations
Ejy,~5U; x G

in a G-2-bundle E give rise to 2-transition 2-maps

Uij x G Lot Uij x G
($7iaj) g1 ($717j> g”
| ) - L ) ® -
(1,.J) ” (v, 4) {ofin)aife

that by definition act by left multiplication on the G-factor and can be assumed to leave This  assump-

the U;; factor alone. tion/requirement

A natural transformation still ,needs FO
be discussed in

(ZE? i’ j) gzg(w T((xiz)) (33, i, ‘7) glj(x detall
| ek <> | | ®®
(y.i,9) {g2(1))sli(x) @)\ (y, 4, ) (350)3ifx)

between two such 2-transition 2-maps g;; and g;; both mapping U;; x G — U;; X G is hence
given by a natural transformation

el 2, g

ﬂ

N
In particular, a change of local trivializations defined by maps
v-Lg
(f)/m,y?i7j) = hi(’)’m,y)

gives rise to the gauge transformation

Ul 9,
ﬂp
-1

U2 ha-g-hy G.

This implies that there is p;; such that

Pij © Gij = (hz' " Yij - hj_1> © Pij -

— 14 —
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2.7 Formulas

In this subsection some formulas describing the above diagrammatic reasoning are derived.
It is shown that in the abelian case our global 2-holonomy reproduces that known from
abelian gerbes.

Hence first recall some basic facts about Deligne hyper cohomology.

2.7.1 Deligne Hypercohomology
Denote by A
D=d+ (-1)Ns
the Deligne coboundary operator which is the sum of the deRham exterior derivative with

the Cech coboundary operator times the deRham degree.
It acts on Deligne -1,0,1-chains as follows:

Dlnh;] = [(Inh; —Inh;),
(d1n hy)]
D [Ingj, Ai] = [(Ingjr — Ingix + Ingis)
(dlngi; — Aj + A;),
i)]
(In fjp — In firg +1n fiju — In fign),

(dA
[lnfwk’alw i) =1
(dfz]k — i + ik — Qij) ,
(
(

(2.2)

The equivalence class of an abelian p-gerbe is the p-th Deligne cohomology class, i.e.
the equivalence class of Deligne chains

[.. )P+ D[.. -1

with
D[Pl = [ ((p + 1)-form curvature),]

a —1-gerbe is simply a function
D{hz] = [O,dlnhi] = hi =h
the curvature 1-form of the —1-gerbe is the gradient of that function.

e a(-gerbeis an abelian bundle, adding an exact Deligne chain corresponds to a gauge
transformation in the local trivialization of the bundle (the gauge transformation
corresponds to a “twisted” —1-gerbe, i.e. an ordinary function)

e an abelian 1-gerbe is an abelian 1-gerbe, gauge transformations in 1-gerbes come
from “twisted bundles”

e and so on

~15 —
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2.7.2 Gauge Transformations of the Transition Function

The gauge transformation for the transition function is

. T
1§” —pij01h hy 10 Dij

i9ij

This induces a gauge transformation on the f;;;: In the new gauge we have
1§ij§jk = irjk o 1§¢k 0 fijk’ .

Expressed in terms of the original gauge this says that

(p’i”j ol, hagishy! Op2]> . (p;k o lhjgjkh,:l Opjk) = fz;k o <p’;k o lhigikhgl opik> o fijk
At (ng ‘ij) ° 1higijgjkh;1 o (pij ‘ij) = f[jk o ik, © 1higikh;1 o pik © fijk
& 1gij.‘]jk = 1h;1 . ((pz‘j ‘pjk) o f:}k opi. o 1hi9ikh):1 ° pik © fijk © (p;."j p%)) “1p,

= (1;%_—1 : ((pij “Djk) © fiik Opﬁ;) ' 1hk> olg, © (1hi—1 : (pik o fijk o (pi; 'P?k)) : 1hk> :

Hence (up to a twist)

fijk = Lyt (pik o fijk o (pij ‘pjk)T) “1p,
& fijk =D 0 (1hi Rk 1h;1> o (pij - Pjk)

Denote as before 2-group elements by their G and H components as

(hi; 1)
(gz 1)
(p”,pu)
(f3

ijk> z]k)
Then at the point level (2.3)) says that

gij = t(p};) i gij by

This already implies the gauge transformation of t( fz):
9ijGjk = t(f?jk) ik
& t(p};) higish; 't(Ph) hjgiehy ' = t( ;231@) t(piy) higirhy
This implies that
_ -1 14—
H(S3e) = ghy twh) ™ hygy B e ((03) 7 PR ) b (2.3)
= t(a(gih; ") (@207 a(h7) (W3) " k) - (2.4)

~16 —
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Up to a factor in ker(t) (kind of a twist again) this implies that the transformed j'?]k is

Fon = pija(higijhj_l> (k) (ha) (fr) (P3) "

which is what also follows from (2.3)).
In the abelian case this reduces to

In fy = In f2 + Inp%, — Inpf, +Inp; |

(2.5)

(2.6)

which is indeed the transition function part of the gauge transformation in an abelian gerbe

2.2).

2.7.3 Gauge Transformations of the 2-Connection

The 2-gauge transformed transition law is

WZ' = ;0 ( Gis W 1. 71) oal;

zy'

In terms of the original gauge this says (for p;; = 1,,;) that

e} Oé’,‘“

)

& 1y, - Wi 1h 1= (o 0 Qyj ( higish? ( ( W -1, 1) oa§> 1(}%9” 1),1> o (aj; o a;)

) o
S W, = 1h;1 . ( a; o @yj) o (1 higisht " (aj o <1h]— W - 1h;1> o a§> '1(higijhj’1)*1> o (aj;o az)> 1,

° (1gijhj_l A 1(gijhj_1)*1> ° ( g Wi 19[]1> (1gijhj_l Hag 1(gijhj_1)*1> °

By comparison with the transition law
Wi = «a4j50 (1% “W; -1 _7_1) oa;“j.

in the original gauge, this implies that

aij = (Lt - (@f 0 dig) - 1n, ) o 1y, 05 1(g,-jh;1)—1> .

J

Solving for a;; we obtain the gauge transformation law for a;;

Qij = Q; 0 (1hi : (aij ° (1gijhj-1 o 1(gijh;1)fl)) ' 1h;1>
= 4 O <1hi Qg - 1h_71) o (1§¢j : O(; : 1!7;_1)
i 23

In order to evaluate this in terms of the (1,2)-form (A, B) it is more convenient to

proceed as follows:

17 -

Ly (o o ayj) 1hz> o ( gighi ! (aj o (1hj -Wj - 1h;1> o 04;) : 1(gijh;1)_1) o <1h;1 (@ o) - 1h¢)
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Since a 2-transition for the connection is really nothing but a gauge transformation we
can simply copy the relevant formulas to find that the above change in local 2-trivialization
gives a new (1,2) form (A;, B;) with

= hi(d + A)h; ' — dt(oy)
= Oé(hz)(Bl) — dAiOéi —o; N\ Q. (27)

SIS

<.

This implies a gauge transformation for the natural transformation encoded in a;;:

A + di(ay) = Gij (A; + d)g;;"
& hi(A; + d)h Tt — di(ey) + dt(aij)
= t(pij) hagijhy " (hjA;h; " — dt(ay) + (hydhs ") + d)hjg; hi 't(py) ™ . (2.8)

It follows that the gauge transformed a;; is

fLij = aij + oy — a(t(pij) higijhgl) (Oéj) +pijdp;j1
+... (2.9)

where we omit a mess of terms that vanish in the abelian case.
Hence for abelian 2-bundles we get

ZLZ']‘ = Qjj + o — oy — dhlpij 0 (2.10)

This again coincides with the result from Deligne cohomology (up to signs maybe that
need to be made consistent) (2.2).

The abelian gauge transformation rule for B; also follows immediately.

Hence changes of local trivializations in G-2-bundles do reproduce the well known gauge
transformations in cocylces of abelian gerbes. But they are much more general. I am not
sure if the full nonabelian gauge transformation laws sketched above have been discussed
before in the context of nonabelian gerbes. There is more in Breen&Messing than meets
the eye...

~ 18 —
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3. 2-Curvature

The following lists some observations concerning the curvature in a G-2-bundle.

Proposition 3.1 In a crossed module im(t) acts trivially on ker(t). Equivalently, in a

differential crossed module im(dt) acts trivially on ker(dt).

Proof. This is a consequence of the property

a(t(h1))(hg) = hihohy!
da(dt(S1))(S2) = [S1, Sa]

of a crossed module, with h; € H and S; € h:
Let h € H and k € ker(t) C H. Then

a(t(h))(k) = hkh™?
= kk~'hkh™!
=ka(t(k™))(h) At
N——’

=h
=k.

Similarly for differential crossed modules with S € h and Sy € ker(dt) C b:

da(dt(S5))(So) = [S, So]
= - [5075]

= — da(dt(50))(S)
=0

Proposition 3.2 The vanishing of the fake curvature implies that
FaNB=0,

which is shorthand for
(F% A B®) da(T,)(Sy) = 0.

Proof. Use Fy = —dt(B) to get

(F§ A B) da(T,)(Sy) = —(B* A B®) do(dt(Sa))(Ss)
= —(B* A BY) [S,, Sy]
=0.

~19 —

(3.1)

(3.2)
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This vanishes because B* A B® = B® A B® (since B is a 2-form) while [Sg, Sp] = — [Sh, Sa)-
O

Remark: This is equivalent to the Bianchi-identity on path space:
The curvature on path space for vanishing fake curvature is (corollary 2.2 in [2])
2
Fai=[d+ % (B)

A

E—f(dAB).

A
The Bianchi-Identity says that

o:djf(HHf(B)A?{(HH?f(H)Af(B)
A A

A A A

= 0 by prop. 3.1

(da(Ty)(H), FY)
(d

)+ ¢ (do(To)(H) , dt(B)")

E

— - fidar) -
A
- fidam)
A

3>\e\ b&s\

- f (daH) .

This means that the vanishing of the fake curvature ensures that the 3-form “field
strength” is still covariantly closed. This again ensures that self-duality of the field strength,
ie.

H=+xH

is sufficient to imply equations of motion of the form
daxH =0.

In the abelian case this ensures that the 6-dimensional self-dual theory compactifies to an
ordinary gauge theory. Vanishing fake curvature also ensures that this is gauge invariant.
This observation arose in a discussion with Jens Fjelstad.

4. More on Path Space Calculus

4.0.4 Exterior coderivative and Yang-Mills equations

In the presence of a metric structure in ordinary differential geometry the exterior derivative
is accompanied by its adjoint with respect to the Hodge inner product, the (exterior)

—90 —
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coderivative. In the case where target space is equipped with a metric a corresponding
metric is induced on path space [3] and we can consider the formal Hodge adjoint df of
the exterior derivative on path space which we shall write as

dl = —axTIv, ., (4.1)

where the dagger is suggestive but purely formal notation motivated [3] by the respective
expressions in finite dimensional differential geometry (as for instance described in the
appendix of [4]), so that dX' must be thought of as inner multiplication dX —, to be
made precise below. In the context of the tensile string (i.e. the string with non-vanishing
tension) this operator df is one part of the worldsheet supercharge [3], which is a well
defined operator on the Hilbert space of the string. For the tensionless string or for purposes
of pure path space differential geometry we will now show how to make sense of the formal
expression (4.1)) acting on the space of (formal power series of) pull-back forms.
To that end, first note that for flat target space we formally have

df %(wh...vwn) — —axt.o / X’.wl(o-l)...X/.wn(o‘n)

01<--<op
= / —dX (o) X o wi (01) - (wWr)u(ow) - X -wn(0m)
k=1, <" <o,

(4.2)

At this point a problem arises due to dX, (o) — dX"(¢') = 0,,6(c —¢') which makes
dX" (o) w(oy) ill defined. This problem can be traced back to the fact that acting with df
on differential forms in a finite dimensional context produces derivatives of the determinant
of the metric which is not well defined (formally infinite) on path space. But it is immediate
how to regularize df when acting on pull-back forms:

Imagine for the moment a discretization of the paths in path space so that discretized
paths are maps from {0,¢,2¢,3¢,---,1} into target space with ¢ = 1/N for some large
natural number N. With a suitable lattice version of integrals over the path parameter
and derivatives with respect to this parameter the discretization of the above expression is
asymptotic to

P
1 . Pi
- EZ(*DK’C / X/'Wl»"'aX,V(Wk)V,u(Wk—&-I)N - (71)pk(wk)“X/V(wk+1)Vm"'aX,'Wn
k o 157 S0m
1 pi
72 (71)Z<k f(wla"'vdh‘)k) awn>
k

— 21 —
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Comparison with (??) shows that this is a perfectly sensible looking expression except
for the prefactor 1/e, which diverges in the continuum limit N = 1/e — oo. It therefore
makes sense to define the action of d on pull-back forms to be given by that formula with
the prefactor replaced by unity. This gives the desired definition

dT?{(wl,--- wn)

__Z ’L<k f(wlaad-i—wk‘77wn)

+Z<— / X' wr, e, X (@) @he1) — (1P (@) X" @k X
k 01<--<on

(4.4)

We have shown the derivation of this expression for flat target space but it directly gener-
alizes to arbitrary metrics.

Unfortunately this expression is not manifestly a formal power series of pull-back forms.

However for special cases it does become one. In particular for {wgl)}i:w any family of
1-forms and w(®) any 2-form on target space we have
df}{(wg e o o) = _j{(wglx RPCN FCRE IR )
- %(wgn’ o 7w1(1)7wlg2)w(1)¢+17 &)2 LL)7(11))
+j{<w§1), .. Z(l)lw( )“wELQ) wl(+)1, - ,wﬁP) .

(4.5)

The point of this becomes more obvious for Wilson line-like pull-back forms. For A
any 1-form and B any 2-form on target space it follows that

df Z f . iA, B,iA,. Z 7{ ,—d'B 4 ad(i4,)(B") ,iA,...,iA).

——
n,m=0 n,m=0 .
n times m tlmes n times m times

(4.6)

This is of interest in the study of loop space formulations of the Yang-Mills equations:
A pull-back form of central importance is the holonomy W4 of a target space 1-form
A along the path

Wy = Z%(mal,--.?m%)z’al---Tan, (4.7)
n=0
for which we also write
Wa = Wa(0,1)
= Wa(0,0) Wy(o,1), Voe(0,1). (4.8)
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With (?7?) the exterior differential of this 0-form is

dw, = dZ%(iA“l,...,iAan)Tal...Tan

= — Z szal EAY GFG A A Ty Ty ToTa o - T

An+m
n,m=0

1

= —/ do W4(0,0)iFa(c) Wa(o,1) . (4.9)

0

Acting with df on this result produces

{adtbwy = alaw,

1
~ _df / do Wa(0,0) iFa(c) Wa(o, 1)
0

@ _; /0 o Wa(0.0) (=1 + 3 A () ) () Wa(e:1) . (4.10)

A similar expression is obtained when we first premultiply (4.9) with ng to get the simple
expression

Wl (dWa) = —/Olda (Wa(o, 1)) iFa(o) Wa(o, 1)
— quf(ad(:ran) o 0ad(Ty,)(iFa), —iA™, ... —iA®)
n=0
ij{(FXVA)- (4.11)

Then using (4.4) one gets

dt (W' (awa)) Zj'{ ad T,) -oad(Tal)(i(—dTFA+ad(iAM)((FA)“))),—iA“l,...

& yf ((@LF“ + ad(iAu)(F“))WA> .

Related to this is the observation that when ng(dA) is regarded as a connection 1-
form, its field strength vanishes. In our notation this is trivial, since ng(dWA) is gauge
equivalent to the trivial connection.

This reproduces the old observation by Polyakov [?, 7] that (up to the formally infinite
prefactor) the vanishing of the divergence of these objects is related (cf. [5]) to the classical
equations of motion of Yang-Mills theory (in flat spacetime):

O F™ +ad(iA,)(F™) = 0. (4.13)
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4.0.5 Hochschild operators

In [6] it was noted that equation (?7?) suggests that in differential calculus on pull-back
forms on path space graded multi-derivations play an important role.

Clearly, if we consider the string of forms (w1, ...,w,) as an n-fold associative abstract
product of some unspecified sort and if we associate a grade

lwi| = pi = deg(w;) — 1 (4.14)

with each factor (¢f. (?7)) then the first term in (??) can be thought of as coming from
the application of the unary derivation ¢4 of odd grade |¢4| = 1 defined by*

n—1 Pk
(=1) e=lPallwd (0w —dwpi, Wepos - wn)  (4.15)
0

¢d(w1a s 7wn)
k=

while the second term can be thought of as due to a binary derivation ¢, of grade |¢ps| = 1

n—2 P
k .
drm(wiy ..., wn) Z(—l) izl‘m"“"l‘(wl,...,wk,M(warl,warQ),...,wn), (4.16)
k=0

where the binary map M is, up to a sign, the (wedge) product operation
M(u)l,CL)Q) = (—1)‘0'}1‘&)1/\&12. (4.17)

For these two (multi-)derivations it so happens that their grade |¢| (defined by the signs
in the above sums) is related to the grade of their image (defined by (4.14)) simply by

[p(wr, - wn) [ = 1] + D lwil. (4.18)
k=1

An arbitrary graded multi-derivation has no reason to satisfy this relation. But those that
do have the nice property that they form a closed algebra under the graded Lie bracket
given by the graded commutator

[61,82] = 1o g2 — (=1)1?12 gy 0, . (4.19)
A simple calculation shows that this bracket respects the grade
| 161, 2] | = |¢1] + |92 (4.20)
and that if ¢ is nj-ary and ¢9 is no-ary the resulting derivation is (n; 4+ ng — 1)-ary and
given by
[¢1a ¢2](w17 cee 7wn1+n2—1)
ni—1 P
= Z (_1) =1 |¢2HUJ1‘¢1 (wla N ) ¢2(w7’+1> e 7wr+n2) s Wr4ng+1y - - - 7wr+n1+n2—1)
r=0
ng—1 P
_(_1)‘(1)1“(1)2‘ Z (_1) =1 |¢1||Wi|d)2(w1a sy Wry d)l(errl, s 7w7“+n1) yWr4ni+1, - - - 7w7’+n1+n2*1) .
r=0

!'We have some (inessential) signs different from those in [6].
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As noted in [6], this operation is related to the so-called Gerstenhaber bracket between
multilinear maps.

In order to see this first note that for the pull-back forms (??) the grade |¢| of the
multi-derivation which satisfy (4.18) is the sum of the differential form degree they carry
and their arity reduced by one, i.e.

|9 = deg(e) +ng — 1 (4.22)

(because they remove n contractions with X’ and add one.)

Next it is instructive to first restrict attention to the case where all form degrees of
the w as well as of the ¢ are even, which is the purely ’bosonic’ case. In this case the grade
|w| of a form in (4.14) is odd and the grade |¢| of our multi-derivations is n — 1.

So in this case (4.21)) reduces to the ordinary Gerstenhaber bracket

[61,62) = 61(d2(-.) ) — (=)D D))
+ (D)= Der(,a(. ), ) = (D)D), )

n (¢1(-, o)) — (—1)mTDO g e () .))
4+ (4.23)

which reproduces all the familiar algebraic relations between maps: For instance let M be
binary, ;1 unary and « 0-ary (all of even form degree), then (for all their arguments of even
form degree, too) the above says that
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(), 0 = pla)
(1), v ()] = p(v() = v(u()
[M(, ), ] = M(e,) = M(-, )
(M), ()] = M(u() o) = MGy () = (M-, -))
[M(--), M-, )] = 2( M(M(-, ), ) = M(-, M(-)) ) - (4.24)

The expressions here are, respectively,

1. application of a function to its argument

2. commutator of two operators

3. commutator (a measure for the failure of M to define a commutaive product)
4. ’derivator’ (a measure for the failure of u to be a derivation of M)

5. associator (a measure for the failure of M to define an associative product).

Now it is easy to understand the general case where the form degrees may be odd:
The above commutators simply become graded commutators and the derivator becomes a
graded derivator in the familiar way. Note that the associator remains intact if for M the
product (4.17) is used, so that

[M,M] =0 (4.25)

(if the product on any internal degrees of freedom is associative).

With this in hand some intersting things about the exterior derivative on pull-back
forms on loop space can be said:

If from now on the letter M is reserved for the special product derivation (4.17) and
if d denotes the obvious unary derivation, we can write

d]f(wl,...,wn) :y{(d~|—M)(w1,...,wn). (4.26)

The square is

d2j{(w1,...,wn) :%@ [d,d]+;[M,M]Jr[d,M})(wl,...,wn). (4.27)

Using the above insight we find that all three terms vanish by themselves:

1
5 [d, d](wl) = ddw1 =0

% [0, M](wr,w2,05) = ()10 (Dloy A ) Aws — (~1)%kor A ((-1)42ln A ws) =0

[d, M](w1,ws) = (=111 d(wy Aws) + (D)1 (dwy) Aws + (=1)291] wy A (duws)
— (—1)ll (d(wl Aws) — (dwr) Aws — (—1)%8@D) 4 A (dw2)) —0, (4.28)

due to the fact that the ordinary exterior derivative is nilpotent and a graded derivation
of the ordinary wegde product, which is associative.
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Further Hochschild operators. In [6] it was argued that one should consider gener-
alizations of the multi-derivation ¢4 + ¢ps using a unary 1-form A and a 0-ary 2-form B
multi-derivation (thus using all possible derivations of grade 1), to obtain the derivation
¢q + Om + ¢4 + ¢p. However, the motivation for this proposal used an argument which
was a little shaky (for instance according to that argument there should have really been
a term proportional to the field strength of A in equation (15) of [6]). But there is a way
to derive this total derivation from an interesting loop space expression:

We know from the tensionful superstring [3] and in particular in the context of bound-
ary state formalism [7] that the natural modification of the exterior derivative on loop
space is a polar combination of the worldsheet supercharges, namely the object

dg =d+iT 1k, (4.29)

where tx is the operator of inner multiplication with the loop space vector K7 =
X'"(0), which gerenrates rigid reparameterizations, and we have kept the string tension T
(a constant) for later discussion of the limit 7" — 0.

Moreover [7, 8] it is known that the Wilson line of A along the string naturally gener-
alizes to the multi-form

o,/

W[X](c,0") = Pexp /da (iA,u-X’”’ —l—% <711FA == B) axt /\dX”/\) (o) | 14.30)
N

[

where 1 denotes the constant unit 0-form on loop space.

This was the object of interest in [7]. However, in the present context it is worthwhile
to generalize both this approach as well as the one in [6] and consider modified pull-back
forms that have the above generalized Wilson line between each factor:

74 (@) (@1, wm) = / W0, 00) 1ic (1) (1) W (01, 09) i (1) (1) - - W, 1) -

(A,B) 0<O'7;<O'i+1<1Vi
(4.31)

The physical interpretation of this object (if any) would of course remain to be understood
(but that is necessarily true for all of the material presented here).

But the point of this definition is that the action of the modified exterior derivative
dx on this object in a certain scaling limit reproduces the action of the multi-derivations
proposed in [6] up to an extra term:

If we let B scale as 1/T then

dy 7{ (W, . ey wn) = j{(d+M+A+B)(w1,...,wn)+0(1/T), (4.32)
(A,B) (A,B)
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where the remaining terms of order 1/7" have no further contractions with ¢x. Hence
there is a scaling limit of large string tension T' — oo with T B fixed in which Hofman’s
multi-derivation are obtained from a proper loop space differential.?

Applying dx twice yields (¢f. equation (23) in [6])
(d+M+A+B)(d+M+A+B)=H+F+N+K (4.33)
where

M = [d, B] + [A, B]
= dB + A(B)
1

Flw) = <[d, Al + 3 [A, A] + [M, B]) (w)

d(A(w)) + A(A(w)) + M(B,w) + (- M (w, B)
=d(Aw))+ A(A(w)) - BAw+wAB
N(wi,wo) = ([d, M] + [A, M])(w1,w2)

= (=) (da(wr Awn) = (dawn) Aws = (=195 A (dgewp) )

1
IC(LUl,UJQ,w,g) = 5 [Ma M](CUl,WQ,(Ug)
:(—4ﬂwﬂwﬂ(c—nﬂﬂwlAu&)/\wg—(—1PWﬂw1A(Q—thwQAu%).
(4.34)
d+M+A+Ba+q)=d+M +A" + B (4.35)

0B = [d+ A, o] + [B,9]
= dao—~(B)
§A(w) = ([d+ A, 9]+ [M, o)) (w)
= da(7(w)) = Y(da()) + M(a,w) + (-1)*I M (w, a)
IM (w1, wz) = [M,v](w1,w2)
= M(y(wr1),wa) + (—1)! M (w1, v(w2)) = V(M (wi,02))  (4.36)

2A T — oo limit is somewhat unexpected since the appearance of the non-abelian 2-form is related to the
appearance of tensionless strings arising as the boundaries of membranes that stretch between coinciding
5-branes. It remains to be seen if the above limiting procedure has any physical relevance or if it is just
a formal curiosity. In principle nothing forbids to have membranes that stretch between some fixed point
(another 5-brane or some singularity) and the stack of coinciding 5-branes far away. The resulting strings
would indeed have large tension.
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4.0.6 Polyakov’s o-model analogy

Polyakov observed [?] that the equations of motion of Yang-Mills theory make the dynamics
of Wilson loops formulated on loop space have close similarity to ordinary o-models with
a group target:

The o-model is defined by the action

Slg] = Tr /7> (g~ "dg) Ax(g~"dg) (4.37)
where
g:P—-G (4.38)

is a function from parameter space P to the group G. The classical equations of motion
coming from this action are (cf. e.g. section 15 of [9])

d'(g~tdg) = 0. (4.39)

Since moreover g~ 'dg is a Lie(G)-vlaued 1-form the expression g~'dg can be regarded as
a connection 1-form that is gauge equivalent to the trivial connection:

d(g~"dg) + (g7 'dg) A (g~ 'dg) = 0. (4.40)

When parameter space is identified with path space P = P!{(M) and the field g is
identified with the holonomy along a path ¢ = W4 € G this gives the two path space
equations

d(WHdWy) + (W HdWa) A (W HdWy) =0
df(W'dw,) =0. (4.41)

The first says that (ngdWA) is the 1-form of a flat connection on path space. This turns
out to be a special case of a more general class of so-called r-flat connections on path space
which are discussed in §?? (p.?7).

The second equation has been considered in (4.12)) and is fulfilled whenever the gauge
field A which defines the holonomies W4 satisfies the Yang-Mills equations of motion.

Polyakov pointed out that this is an intriguing formal similarity between ordinary o-
models and Yang-Mills theory formulated in path/loop space which might even explain or
at least be related to the integrability properties recently found in N =4 SYM [?].

Related recent results as well as further references can be found in [?].

5. Physical applications

5.1 Flux Line Description of ordinary Gauge Theory

Consider ordinary gauge theory with gauge group G. Flux lines ¢; —G between two quarks
(paths up to thin homotopy) are associated with group elements W (). The question “How
does W (~) transform as we move ?” is answered by a 2-connection in a 2-bundle:
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Let base 2-space be P(M), the space of paths up to thin homotopy in M naturally
interpreted as a 2-space. Let the strict structure 2-group be given by H = G, t = id,
o = Ad with G the above Lie group. Identify the 1-form A; in the 2-connection with that
from the above gauge theory.

The 2-holonomy in this 2-bundle associates group elements WW(X) to the surface swept
by v and bounded by ;1 and 2 such that W(v2) = W(X) W ().

The YM equations of motion of the original theory become the divergence freedom
of the 2-connection 1-form. This is Polyakov’s o-model description of gauge theory §4.0.6
(pl29).

The 2-bundle context globalizes this approach and adds a new level of description.
Gauge transformations of type 2 in the 2-bundle change the original bundle and its con-
nection. Hence an isomorphism class of such 2-bundles describes a collection of gauge
theories. In particular bundles with a “nonabelian twist” are included.

Once the isomorphism classes of these 2-bundles are understood one should see what
they imply in terms of the ordinary gauge theories they come from.

This simple setup should be the right starting point for describing boundary states
with 2-bundles.

For this and other reasons one will want to have operators acting on the space of
2-sections of a 2-bundle. This space is pretty much given by the 2-(pre)sheaf of 2-sections.

This space is a category with objects being 2-sections (functors) and morphisms being
natural transformation between these. These natural transformations are essentially the
gauge transformations in the original gauge theory. They are defined by maps from the
point space of base space into H.

An operator on this should be a functor into another space of 2-sections of some
2-bundle over the same base 2-space. For instance it seems possible to map W(v) to
W () ' dW(y) in a functorial way by defining a suitable composition operation in the
target.

However this seems not to be captured by 2-vectors.(?) Here is an attempt:

Let (¢, W(v)) and (¢/, W(v')) be the 2-group elements associated two composable paths
~ by some 2-section. We are interested in mapping these in a functorial way to something
involving the objects W~ (y) dW (7).

So define a category with one object and morphisms given by pairs (g,y) with g € G
and y € h with composition given by

(g:9)0(dy) = (99,9 'wg +v).
Then
(¢, W (7)) = (W (), W (y)dW (7))

is functorial since composition is respected

(WA o(d, W () = (g, W(vory))

= (W), W (y)dW () o (W (), W (y) dW (7))
= (W(vor), W)W () @W )W () + W () daw (v))
= (W(’y o 'y/) ,I/Vf1 (’y o ’y') dW(fy o fy/))
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and identity morphisms are sent to the identity morphism:

(¢,1) — (1,0)
Essentially, this is a 2-group with H being the abelian group of vector addition in the
Lie algebra.
5.2 Strings in Kalb-Ramond backgrounds

A 2-bundle with trivial base 2-space and strict structure 2-group (H = U(1),G = 1) has
an abelian gerbe of sections. This is known to describe the coupling of F-strings to the
Kalb-Ramond 2-form. By §2/ (p.3) the 2-holonomy in this 2-bundle computes the action of
the string’s worldsheet due to this background.

5.3 Dimensional reduction of Self-Dual 2-Form theory

An abelian 2-form theory in six dimensions with self-dual 3-form field strength gives rise
to ordinary abelian YM (EM) in five dimensions upon compactification on a circle.

Using the facts from §3 (p/19) this has a pretty straightforwad generalization to a
nonabelian 2-form theory with self-dual field strength in six dimensions. This does not
seem to quite yield ordinary nonabelian YM, though.

6. 2-Sections

An ordinary bundle has a sheaf of sections. There should hence be a notion “2-section”
and “2-sheaf” such that a 2-bundle has a 2-sheaf of 2-sections.

Apparently a gerbe is a special case of a 2-presheaf of a 2-bundle and with the appro-
priate definition it should in fact be a special case of a 2-sheaf of 2-sections of a 2-bundle.

Definition 6.1 A 2-section o of a 2-bundle E-2-B is a 2-map B——E such that B->E—-B
s naturally isomorphic to the identity 2-map on B.

Before giving the definition of 2-presheaf recall that of an ordinary presheaf:

Definition 6.2 The category of open subsets of a topological space X, denoted O(X),
has open subsets of X as objects and inclusions i : U — V as arrows.

Definition 6.3 A presheaf over X is a contravariant functor
P:O(X)® — Set
from the category of open subsets of X (def. [6.2) to Set.

Hence a presheaf is a morphism in Cat. Its categorification should be a morphism in
2Cat, namely a 2-functor between 2-categories:

Definition 6.4 Given a 2-space S the 2-category of open subspaces of S, denoted
0(S5), is the category whose
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e objects are open subspaces UiLS

e morphisms are 2-maps U; — U; such that
U8 & U — U;-28
e 2-morphisms are natural transformations between these 1-morphisms.
(Thanks to Toby Bartels for helpful comments on this definition).
Definition 6.5 A 2-presheaf is a contravariant 2-functor
P:0O(S)® — Cat.

Every 2-bundle has a 2-presheaf (def. 6.5) of 2-sections (def. 6.1). Here the target
category is that whose objects are 2-sections U; — E and whose morphisms are natural
transformations between these.
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A. Lie 2-algebras

The following are some random notes on [10].

properties of 2-vector spaces

—

(@, /) + @9 = @+y,f+9

[oLoy.a2t] = (fa.al, [£ra] + 0.1
= <[x,a], [z, ] + [fab])

Proposition A.1 The 2-term Lo algebra asscoiated with the Lie 2-algebra of a strict Lie
2-group defined by the differential crossed module (g,b,da,dt) is given by

la(w1,22) = [71, 2]
la(x,y) = do(z)(y)
dy = dit(y)
l3(z1,z2,23) = 0.

Proof.
Let

gi = exp(z;)
hi = exp(y;) .
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Then the adjoint action is

(91,h1) - (g2, h2) - (g1, ha) ™
= (g1,h1) - (g2, ha) - (g1 " (g1 ') (B 1))
= (919297 . hia(gr) (h2) a(gig2g7 ") (7))
~ (exp(x2 + [21, 2], exp(y2 + [y1, y2] + da(1)(y2) — de(z1)(v1))))
= (exp(22 + [21,22]) , exp(y2 + da(z1 + dt(y1))(y2) — de(z2)(v1))) -

Hence

[(z1,91), (22, 92)] = ([21,22], [y1, Y] + da(z1)(y2) — da(z2)(y1))
= ([z1, 22] , da(z1 + dt(y1))(y2) — da(z2)(y1)) -

Comparison with the proof of theorem 36 in [10] yields the given identifications

la(w1,22) = |71, 2]
la(z,y) = da(z)(y)
dy = di(y)
I3(z1,z2,23) = 0.
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