
6. Canonical deformations and vertex operators

6.1 Review of first order canonical CFT deformations

It has been noted long ago [7] that adding an integrated background vertex operator V (a
worldsheet field of weight (1,1)) to the string’s action to first order induces a perturbation

Lm → Lm +
∫

dσ e−imσV (σ) (6.1)

of the Virasoro generators and a similar shift occurs for the supercurrent [6].
While in [7] this is discussed in CFT language it becomes quite transparent in canonical

language: From the string’s worldsheet action for gravitational Gµν , Kalb-Ramond Bµν and
dilaton Φ background one finds the classical stress-energy tensor (cf. §A (p.43))

T (σ) =
1
2
Gµν 1√

2T

(
eΦ/2Pµ + T

(
eΦ/2Bµκ + e−Φ/2Gµκ

)
X ′κ

) 1√
2T

(
eΦ/2Pν + T

(
eΦ/2Bνκ + e−Φ/2Gνκ

)
X ′κ

)
(σ) ,

(6.2)

where Pµ is the canonical momentum to Xµ.
When expanded in terms of small perturbations

Gµν(X) = ηµν + hµν(X) + · · ·
Bµν(X) = 0 + bµν(X) + · · ·

Φ(X) = 0 + φ(X) + · · · (6.3)

of the background fields this yields

T ≈ 1
2

(ηµν − hµν)

(
P+µ +

√
T

2
bµκX ′κ +

√
T

2
hµκX ′κ +

1√
8T

φPµ −
√

T

8
φηµκX ′κ

)(
· · ·

)

ν

=
1
2
ηµνPµ

+Pν
+ −

1
2
hµνPµ

+Pν
−︸ ︷︷ ︸

:=VG

− 1
2
bµνPµ

+Pν
−︸ ︷︷ ︸

:=VB

+
1
2
φηµνPµ

+Pν
−︸ ︷︷ ︸

:=VΦ

+higher order terms ,

(6.4)

where we have defined

Pµ
±(σ) :=

1√
2T

(
ηµνPν ± TX ′ν)(σ) . (6.5)

It must be noted that while the objects P±, which have Poisson-bracket

{Pµ
±(σ) ,Pν

±
(
σ′

)} = ∓ηµνδ′
(
σ − σ′

)
, (6.6)

generate the current algebra of the free theory, they involve, via Pµ = δS/δẊµ, data of the
perturbed background and are hence not proportional to ∂X and ∂̄X.

Still, the first term in (6.4) is the generator of the Virasoro algebra which is associated
with the U(1)-currents P±, while the following terms are the weight (1,1) vertices VG, VB,
VΦ (with respect to the first term) of the graviton, 2-form and dilaton, respectively.
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Hence in the sense that we regard the canonical coordinates and momenta as funda-
mental and hence unaffected by the background perturbation, i.e.

Xµ → Xµ

Pµ → Pµ , (6.7)

while only the ‘coupling constants’ are shifted

ηµν → ηµν + hµν , etc. (6.8)

we can write

T → T + V , (6.9)

where V denotes a collection of weight (1,1) vertices in the above sense.4

CFT deformations of this form are called canonical deformations [8, 27].
The central idea of canonical first order deformations is that the (super-) Virasoro

algebra
[
T (σ), T

(
σ′

)]
= 2iT

(
σ′

)
δ′

(
σ − σ′

)− iT ′
(
σ′

)
δ
(
σ − σ′

)
+ A

(
σ − σ′

)
{
TF (σ), TF

(
σ′

)}
= − 1

2
√

2
T

(
σ′

)
δ
(
σ′

)
+ B

(
σ − σ′

)

[
T (σ), TF

(
σ′

)]
=

3i

2
TF

(
σ′

)
δ′

(
σ − σ′

)− iT ′F
(
σ′

)
δ
(
σ − σ′

)
(6.10)

(where A and B are the anomaly terms) together with its chiral partner, generated by T̄

and T̄F , is preserved to first order under the perturbation

T (σ) → T (σ) + δT (σ)

TF (σ) → TF (σ) + δTF (σ) (6.11)

if, in particular,

δT (σ) = Φ(σ) Φ̄(σ)

δF (σ) = ΦF (σ) Φ̄F (σ) (6.12)

with
[
T (σ), Φ

(
σ′

)]
= iΦ

(
σ′

)
δ′

(
σ − σ′

)− iΦ′
(
σ′

)
δ
(
σ − σ′

)
[
T (σ),ΦF

(
σ′

)]
=

i

2
Φ

(
σ′

)
δ′

(
σ − σ′

)− iΦ′
(
σ′

)
δ
(
σ − σ′

)
[
T (σ), Φ̄

(
σ′

)]
= 0[

T (σ), Φ̄F

(
σ′

)]
= 0 (6.13)

4As is discussed in [7], the issue concerning (6.7) in CFT language translates into the question whether

one chooses to treat ∂X and ∂̄X as free fields in the perturbed theory and whether the ∂X ∂X-OPE is

taken to receive a perturbation or not.

For a further discussion of perturbations of SCFTs where this issue is addressed, see [4] and in particular

section 2.2.4.
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and analogous relations for δT̄ and δT̄F .
There are however also more general fields δT , δTF of total weight 2 and 3/2, respec-

tively, which preserve the above super-Virasoro algebra to first order [28]. But the weight
(1, 1) part Φ(σ) Φ̄(σ) is special in that it corresponds directly to the vertex operator of
the background which is described by the deformed worldsheet theory. Further deforma-
tion fields of weight different from (1,1) are related to gauge degrees of freedom of the
background fields (cf. [28] and the discussion below equation (6.24)).

6.2 Canonical deformations from dK → e−WdKeW.

We would like to see how the deformation theory reviewed above relates to the SCFT
deformations that have been studied in §3 (p.12).

First recall from §3.1 (p.12) that the chiral bosonic fields ∂X and ∂̄X in our notation
read

P±(σ) :=
1√
2T

(
−i

δ

δX
± TX ′

)
(σ) (6.14)

and that according to §2.2.2 (p.9) we write the worldsheet fermions ψ, ψ̄ as Γ±, respectively,
which are normalized so that

{
Γµ
±(σ),Γν±(σ′)

}
= ±2gµν(X(σ)) δ(σ − σ′), and we frequently

make use of the linear combinations

E†µ =
1
2

(
Γµ

+ + Γµ
−
)

Eµ =
1
2

(
Γµ

+ − Γµ
−
)

. (6.15)

In this notation the supercurrents for the trivial background read

TF (σ) =
1√
2
Γ+(σ)P+(σ) =

−i√
4T

(
dK(σ)− d†K(σ)

)

T̄F (σ) =
i√
2
Γ−(σ)P−(σ) =

1√
4T

(
dK(σ) + d†K(σ)

)
, (6.16)

where the K-deformed exterior derivative and coderivative on loop space are identified as

dK =
√

T
(
T̄F + iTF

)

d†K =
√

T
(
T̄F − iTF

)
. (6.17)

According to §3.2 (p.15) a consistent deformation of the superconformal algebra generated
by TF and T̄F is given by sending

dK(σ) → d(W )
K (σ) = e−WdK(σ) eW = dK(σ) + [dK(σ),W]︸ ︷︷ ︸

:=δdK(σ)

+ · · ·

d†K(σ) → d†
(W )
K (σ) = eW†

d†K(σ) e−W†
= d†K(σ) +

[
W†,d†K(σ)

]

︸ ︷︷ ︸
:=δd†k(σ)

+ · · · (6.18)
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for W some reparameterization invariant operator. From this one finds δTF by using (6.16)

δTF = −i

[
T̄F ,

1
2

(
W + W†

)]
+

[
TF ,

1
2

(
W −W†

)]

δT̄F = i

[
TF ,

1
2

(
W + W†

)]
+

[
T̄F ,

1
2

(
W −W†

)]
(6.19)

which again gives δT by means of

{
TF (σ), δTF

(
σ′

)}
+

{
TF

(
σ′

)
, δTF (σ)

}
= − 1

2
√

2
δT (σ) δ

(
σ − σ′

)
. (6.20)

Before looking at special cases one should note that this necessarily implies that δTF

is of total weight 3/2 and that δT is of total weight 2. That’s because W, being reparame-
terization invariant, must be the integral (along the string at fixed worldsheet time) over a
field of unit weight (cf. (3.20)) and because supercommutation with dK or d†K increases
the total weight by 1/2.

Furthermore, recall from (3.25) that the anti-hermitean part 1
2

(
W −W†) of the de-

formation operator W is responsible for pure gauge transformations while the hermitean
part 1

2

(
W + W†) induces true modifications of the background fields. Hence for a pure

gauge transformation (6.19) yields

δTF = [TF ,W]

δT̄F =
[
T̄F ,W

]
, for W† = −W† , (6.21)

which of course comes from the global similarity transformation (3.25)

X 7→ e−WXeW , X ∈ {
TF , T̄F , · · ·} . (6.22)

On the other hand, for a strictly non-gauge transformation the transformation (6.19) sim-
plifies to

δTF = −i
[
T̄F ,W

]

δT̄F = i [TF ,W] , for W† = +W . (6.23)

In the cases where W is antihermitean and a (1/2, 1/2) field (as is in particular the case for
the gravitational W(G) of §3.3 (p.16), the dilaton W(D) of §3.5 (p.18) and the hermitean
part of the Kalb-Ramond W(B) + W(B)† of §3.4 (p.17) ) this, together with (6.20) implies
that

δT ∝ {
TF ,

[
T̄F ,W

]}
(6.24)

is indeed of weight (1, 1), as discussed in the theory of canonical deformations §6.1 (p.36).
Furthermore, this shows explicitly that all contributions to δT which are of total weight 2
but not of weight (1,1) must come from the antihermitean component 1

2

(
W −W†) and

hence must be associated with background gauge transformations. This proves in full gen-
erality the respective observation in [28] concerning 2-form field deformations.

As a first example, consider the deformation induced by a B-field background:
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B-field background. According to §3.4 (p.17) a Kalb-Ramond background is induced
by choosing

W =
∫

dσ
1
2
Bµν(X(σ)) E†µE†ν (6.25)

which, using (6.18) gives rise to

δdK(σ) =
(

1
6
Hαβγ(X) E†αE†βE†γ − iTE†µBµν(X) X ′ν

)
(σ)

δd†K(σ) =
(
−1

6
Hαβγ(X) EαEβEγ + iTEµBµν(X) X ′ν

)
(σ) (6.26)

and hence, using (6.16), to

δTF (σ) = − i

12
√

T
Hαβγ

(
E†αE†βE†γ + EαEβEγ

)
− 1√

8
Γµ

+Bµν

(Pν
+ − Pν

−
)

. (6.27)

In this special case δTF happens to be the exact shift of TF (there are no higher order
perturbations of TF in this background). As has been noted already in §3.4 (p.17) the
same result is obtained by canonically quantizing the supersymmetric 2d σ-model (3.38)
which describes superstrings in a Kalb-Ramond background.

By means of (6.20) the shift δT is easily found to be

δT (σ) =

(
− 1

12T
∂δHαβγ

(
EδE†αE†βE†γ + E†δEαEβEγ

)
− i

1
2
√

2T
Hαβγ

(
E†αE†β + EαEβ

)
Pγ

+

+
i√
4T

∂δBµν

(Pν
+ − Pν

−
)
Γδ

+Γµ
+ + BµνPµ

+Pν
−

)
(σ) . (6.28)

This is of total weight 2 and contains the weight (1,1) vertex operator

V = BµνP+
µPν

− (6.29)

of the Kalb-Ramond field (cf. eqs. (52),(53) in [28]). That T + δT satisfies the Virasoro
algebra to first order at the level of Poisson brackets follows from the fact that it derives
from a consistent deformation of the form (3.22) (as well as from the fact that it also
derives from the respective σ-model Lagrangian). When anomalies of the quantum algebra
are taken into account their vanishing are equivalent to the equations of motion of the
B-field to first order (see [28] and §5 (p.32)).
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